Generalized calculus in radiobiology: Physical implications by Sotolongo-Grau, O. et al.
ar
X
iv
:0
90
8.
24
49
v1
  [
ph
ys
ics
.bi
o-
ph
]  
17
 A
ug
 20
09 Generalized alulus in radiobiology: Physial
impliations
O. Sotolongo-Grau
1
, D. Rodriguez-Perez
1
, J. C. Antoranz
1,2
, and
Osar Sotolongo-Costa
2
1
Departamento de Físia Matemátia y de Fluidos, Universidad Naional de
Eduaión a Distania (UNED), Spain
2
Cátedra de Sistemas Complejos Henri Poinaré, Universidad de La Habana, Cuba
Abstrat
Non-extensive statistial physis has allowed to generalize mathemat-
ial funtions suh as exponential and logarithms. The same framework
is used to generalize sum and produt so that the operations allow a
more uid way to work with mathematial expressions emerging from
non-additive formulation of statistial physis. In this work we employ
the generalization of the exponential, logarithm and produt to obtain a
formula for the survival fration orresponding to the appliation of several
radiation doses on a living tissue. Also we provide experimental reom-
mendations to determine the universal harateristis of living tissues in
interation with radiation. These results have a potential appliation in
radiobiology and radiation onology.
Entropy, Statistial mehanis, Radiation, Non-extensivity
1 Introdution
Biologial systems are the paradigm of open non equilibrium systems hara-
terized by long range orrelations and by onstantly ourring non markovian
proesses. This makes its desription in terms of equilibrium statistial physis
a very hard task. Thus a formulation of proesses in this kind of systems must
be made in a non orthodox statistial framework in whih the onept of entropy
is expressed in a more general way.
Tsallis's denition of entropy has been suessfully used, in the last years,
to extend the lassial statistial mehanis to several problems involving very
omplex orrelations and properties. Its expression for the entropy (in units of
the Boltzmann's onstant) [1℄ is
Sq =
1
q − 1
(
1−

∞
0
pq(x)dx
)
, (1)
1
where p(x)dx is the probability of the magnitude x to adopt values between
x and x + dx and q is the index of non-extensivity. This, together with the
onstraints that the probability density satises the normalization ondition and
the niteness of the q-mean value

∞
0
pq(x)xdx = 〈x〉q <∞, has been applied
in dierent problems with exellent results even when statistial physis based
on Boltzmann-Gibbs (BG) entropy had not sueed. On the other hand, Tsallis
entropy redues to the BG one when q = 1, so that in this sense the former
entropy an be interpreted as a generalization of the last one.
Our objetive in this work is to employ this new formulation of statistial
physis and the onsequent generalization of several mathematial funtions
and operations, provided in the framework of this new formulation, to obtain a
simple universal formula for the survival fration of tissue ells under radiation.
We apply the maximum entropy priniple using the Tsallis entropy to obtain
an expression for the survival fration in terms of the radiation dose. Then using
a generalization of the denition of logarithm and exponential funtion and a
generalized expression for the produt the resultant survival fration of several
radiation sessions is obtained.
2 Materials and methods
To apply the maximum entropy priniple in the Tsallis version to the problem
of nding the survival fator of a living tissue [2℄ that reeives a radiation, we
postulate the existene of some amount of absorbed radiation ∆ < ∞(or its
equivalent limit eet, Ω = α0∆) after whih no ell survives. The appliation
of the maximum entropy priniple performs like the usual one but with a few
modiations.
The Tsallis entropy beomes:
Sq =
1
q − 1
(
1−
 Ω
0
pq(E)dE
)
, (2)
where p(E) is the ell death probability, dependent on the radiation eet
E, whih is a funtion of the applied dose D. The way E depends on D is a
ontroversial matter, being generally aepted a linear relation E = αD and
also the linear quadrati model E = αD + βD2.
The normalization ondition is in this ase
 Ω
0
p(E)dE = 1 and the q-mean
value beomes
 Ω
0
pq(E)EdE = 〈E〉q < ∞. With this denition, all properties
of the tissue and its harateristis of the interation with radiation beome
inluded in 〈E〉q and therefore in Ω. This is the only parameter (besides q)
entering in our desription. It is lear that the determination of 〈E〉q for the
dierent tissues under dierent onditions of radiation would give the neessary
information for the haraterization of the survival fator.
To alulate the maximum of (2) under the above onditions the well known
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method of Lagrange multipliers [3℄ is applied, obtaining
Ω =
2− q
1− q
(
〈E〉q
2− q
) 1
2−q
(3)
and
p(E) =
(
2− q
〈E〉q
) 1
2−q

1− 1− q
2− q
(
2− q
〈E〉q
) 1
2−q
E


1
1−q
. (4)
Then the survival fator is
Fs(E) =
 Ω
E
p(x)dx =
(
1−
E
Ω
) 2−q
1−q
(5)
with q < 1 for E < Ω and zero otherwise. It is not hard to see that when q → 1
then Ω→∞ and 〈E〉q → 〈E〉.
Equation (5) an be written
Fs(D) =
{(
1− D
∆
)γ
∀D < ∆
0 ∀D > ∆
(6)
where we introdued E = α0D and γ =
2−q
1−q
.
Equation (6) represents the survival fration in terms of the measurable
quantities D (radiation dose) and ∆. All the information about the kind of
radiation, radiation rate, et is ontained in the phenomenologial term ∆,
whereas tissues are haraterized by γ. This makes (6) a very general expres-
sion with universal harateristis sine the phase transition desribed by (6) is
homomorphi with the phase transition of ferromagnets near the Curie point.
The exponent γ in this ase, as in ferromagneti phase transitions, determines
the universality lass. Then γ in our ase deals only with the kind of tissue that
interats with radiation [4℄.
The value of ∆ haraterizes a ritial point for ell survival probability
suh that for D < ∆ the probabilities of ell survival and death oexist but
when D > ∆ a phase transition takes plae and no ell survives. Note that
we have postulated a linear relation between E and D. With this, the urious
property that the tissue eet E is additive while the survival fration is not
multipliative emerges.
The linear model for the tissue eet [5℄, however, gives that if the dose is
additive the orresponding survival fration is multipliative if their mean values
are the same. Though this property belongs only to the linear model and not to
more general desriptions like the LQ model [5℄ and others, we think it is worth
to nd a link between the additivity property of the dose and the probabilisti
properties of the ell survival fration.
To motivate this let us rst observe that the Tsallis denition of entropy,
though gives a more general expression than the BG one, laks one of the im-
portant properties of this entropy: extensivity.
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Indeed, let us onsider a system omposed by two independent subsystems A
and B. Extensivity of the entropy means that the entropy of the whole system
is the sum of the entropies of the subsystems: S(A ∪ B) = S(A) + S(B). But
in the Tsallis ase Sq(A ∪B) = Sq(A) + Sq(B) + (q − 1)Sq(A)Sq(B).
As Tsallis entropy an be dened through the introdution of the q-logarithm:
Sq =

∞
0
pq(x)lq (p(x)) dx (7)
where lq(x) = x
1−q
−1
1−q
, it is possible to generalize the operation of multipliation
introduing the q-produt ⊗q suh that x⊗q y = expq [lq(x) + lq(y)] [6℄ where
expq(x) = [1 + (1− q)x]
1
1−q . (8)
Taking into aount that for the survival fration we obtain expression (6)
its analogy with (8) is evident. Then, let us dene the expγ(x) funtion
expγ(x) =
[
1 +
x
γ
]γ
(9)
and the lγ(x) its inverse funtion:
lγ(expγ(x)) = x. (10)
Let us introdue the γ-produt of two numbers x and y as:
x⊗γ y = expγ [lγ(x) + lγ(y)] =
[
x
1
γ + y
1
γ − 1
]γ
. (11)
Note that denitions (9) and (10) are not essentially dierent from eq(x) and
lq(x). We are just introduing these denitions to simplify the alulations.
3 Results
Let us now dene the eet potential as χ = −lγ(Fs). We demand this
potential to satisfy the additive property. Then the survival fration expressed
as
Fs = expγ(−χ) = expγ(−
γD
∆
), (12)
where the eet potential depends on 〈E〉q, beomes γ-multipliative. This
implies that the statistial independene of the survival frations is only possible
when γ →∞ (q → 1).
Then the survival fration for the sum of two potentials i.e., the survival
fration of a dose B and a dose A is:
Fs(χA)⊗γ Fs(χB) =
[
1−
χA + χB
γ
]γ
(13)
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and for n doses
Fs(nχ) =
[
1−
n∑
i=1
χi
γ
]γ
=
[
1−
n∑
i=1
Di
∆i
]γ
= expγ
[
−
n∑
i=1
χi
]
=
[
n⊗
i=1
]
γ
Fs(χi)
(14)
where [
⊗n
i=1]γ denotes the iterated appliation of the γ-produt.
4 Disussion
The obtained result permits to alulate diretly the result of the appliation
of dierent radiation doses if γ and ∆ are known. Then the importane of
experimental determination of γ and ∆ beomes evident.
To determine ∆ means to measure the minimal dose for whih, in a given
tissue, no ell survives. This an be made by a progressive appliation of a given
kind of radiation. One ∆ is known in those radiation onditions, a log-log plot
of Fs versus 1 − D/∆ must be tted with the straight line whose slope is γ.
One γ is found the tissue is already haraterized. Any other kind of radiations
or the same radiation applied in dierent onditions to the same tissue an be
tted to the same straight line.
This way, the introdution of the rules for generalization of the produt as in
[6℄ permits an easy interpretation of the properties of the survival fration and a
formula to alulate it for several radiation doses: the survival fration of several
radiation doses is the γ-produt of the separate survival frations orresponding
to eah dose.
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